
 
SupportandAssocialedprimes

AlgebraMotivation

let n be an integer

We can write its unique prime factorization as

n t p pedt

In fact in 7 n pd n A pit

We will see that the associatedprimes of n are the Pi

and the primary components of n are the pidi

We will use these concepts togeneralize the uniquefactorization

of integers to arbitrary rings

Geometric motivation

let R k x xD and I E R an ideal

Def The closed set VCI is reducible if it can be written

I VCI UV I where VCI is not equal to VCI orVfI

Otherwise VCI is irreducible

Claim VCI is irreducible FI is prime



PI If TI is prime suppose

I V TI F VV Ja

Then WLOG TI E V J so V RI EV Ji

VCI VCI
So VCI is irreducible

If RI is not prime take t.ge fIS.t.fgefI

Then if P e V TI fog EP f c P or yE P

So V I f TI U g TI neither of which is

equal to VCI since RI P f f g D
prime

If I is radical we will see that it can actually be
written as a finite intersection of prime ideals in a

unique minimal way This is the primary decomposition
of I and is equivalent to writing I in the unique

minimal way of the union of closed sets

The situation is more complicated if I is not radical

Ex Define I x xy EKG y



Notice that I x n x y

Geometrically The scheme VCI is roughly the line
x 0 w additional structure i.e a tangentdirection at the

origin as

t t
We will see purely algebraically that this is reflected
in the associated primes which are x and x y

Honweyer we can write I x n x y er I txlnfx2xy.glT aradical xy radical x y

So the description as the intersection of ideals whose radicals

are the associated primes is netunique

Supportofa module

let M be an R module

Def The support of M is the subset

SuppM PeSpeck Mp to E Speck



Recall that we showed M o Mm_O ht Max't

MER

However 14 0 Mp _O t primes PER
which implies Mm 0 ht Max't MER so one can

replace maximal with prime That is

SuppM 0 M O

Also notice that if PesuppM and c P

then the following commutes

M Mp

d
and Mp to M 0 so Mo 1 0 and thus

P ESupp M

EI If I C R is an ideal let M R
I

What is SuppM

If PER is prime then

Mp E RP IRp
which is 0 Itp contains a unit I P



Thus Supp VI V I CSpeck

More generally we can give the following description of

SuppM

Pep If M is finitelygenerated then

SuppM V Ann M E Speck

PI suppose M is generated by M Mn

Then r cAnnM re Ann mi for each i

Thus Ann M Ann mi

P fSupp m for each i 7 wid P at Ui mi O

Ann mi P t me

So P e Supp M Ann mi EP for some i

Pe ViV Ann mi V Awn mi

V Ann M D

Note that finite generation is necessary

Ex let M Thin for QESpec7
Pto
prime

Mp to cpDo



So SuppM UpSupp U p Spec7 o

which is not closed

Associated Primes

Def A prime P of R is associated to µ if there

is some x cM it F Ahh x reRtr x o

The set of all primes associated toM is denoted AsspM or

just AssM if the ring is clear

CIM sometimes the associated primes of RII over R
are just called the associated primes of I

Remark If PEASSM then P Ahn x so

R M has kernel P Su Rfp a submodule
of M

Conversely if P is some prime ideal s t RIP M as

modules then P is the annihilator of the imageof l

That is

P is an associated Mp is isomorphic to a

prince of M submodule of M

EI If R is an integral domain then ASspR o



Claim For any R module M we have

AssM E SuppM

PI Suppose P c AssM Then we have an injection

M

localizing preserves injections so

Rfp p Mp Mp to PeSuppM D
K
0

Ex let R GG y and M daisyx2Xy

SuppM V x xy V x xD U x y AB

Which of these is in AssM

f c Ann x fx ax't bxy X ax by
f a x by since Cxy is

an integral domain

f E x y

Similarly f C Ann y fy ax't bxy
ax fy boxy y f bx

since Gtx y is a UFD a _a'y



So fy y a'x't b x

f e x

Conversely X E Ann y so Ann y x

We will see that these are the only two associated primes

Now we state some important resultsabout associated primes

theorem let Rbe a Noetherian ring and M 0 a

finitely generated R module Then

a Assn is finite and nonempty each containing AnnM

It includes all primes minimal among those containing
AnnM

b UP zerodivisorsonM U o
uPeAssm

re R s t rm o
forsomemeoinM

We'll provethis in the next section after a few lemmas

Remark Why can we find primes minimal over an ideal

Let Qi be a chain of prime ideals containing I
Then if abc AQI a or b is in all Qi so fQi is prime

That is every chain has a dower bound so Zorn's lemma

implies that there exist minimal primes over I



Note that this holds for even non Noetherian rings

Det The primes in AssM that are not minimal are called

Embedded primes of M

If M RE Then if P is an embedded prime in R
V P is called an embened compount of Spec RTI

If P is a minimal associated prime V P is an isolated
component of spec HI

Ex In the I xy x2 example X is an isolated

component and X y an embedded component
isolated
component

embedded
component


